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Abstract. The strong chromatic index of a multigraph is the minimum k such that the 
edge set can be fc-colored requiring that each color class induces a matching. We verify 
a conjecture of Faudree, Gyarfas, Schelp and Tuza, showing that every planar multigraph 
with maximum degree at most 3 has strong chromatic index at most 9, which is sharp. 
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1. Introduction 

All multigraphs in this paper are loopless. A strong k-edge-coloring of a multigraph G is 
a coloring (j) : E{G) —)■ [k] such that if any two edges ei and 62 are either adjacent to each 
other or adjacent to a common edge, then 0(ei) 7 ^ 0 ( 62 ). In other words, the edges in each 
color class form an induced matching in the original multigraph. The strong chromatic index 
of G, denoted by y'(G), is the minimum k for which G has a strong fc-edge-coloring. This 
is equivalent to hnding the chromatic number of the square of the line graph of G. 
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Fouquet and Jolivet [Hi introduced the notion of strong edge-coloring, which was used 
to solve a problem involving radio networks and their frequencies. More details on this 
application can be found in [191120] . 

For general graphs, the greedy algorithm provides an upper bound on x's of 2(A — 1) -|- 
2(A — 1)^ -|- 1, where A denotes the maximum degree of the multigraph. At a 1985 seminar 
in Prague, Erdos and Nesetfil conjectured that in fact a stronger upper bound holds, which 
if true, is best possible (see HE]). 


Conjecture 1 (Erdos and Nesetfil ’85). If G is a graph with maximum degree A, then 
< I |a2 _ 1A + 1, if A IS odd 

When G has maximum degree at most 3, the conjecture was verihed by Andersen [1], who 
proved the conjecture for multigraphs, and independently by Horak, Qing and Trotter [T3] . 
In general, the problem remains open with the best known upper bound due to Molloy and 
Reed im using probabilistic techniquesEI 


Theorem (Molloy and Reed ’97). For large enough A, every graph G with maximum degree 
A has XsiG) < 1.998AT 

Faudree et al. |S] show that when restricted to planar multigraphs, x'siG) < 4A -|- 4/i, 
where pi denotes the maximum number of parallel edges connecting a pair of vertices in G. 
Additionally, they show that for every positive integer k > 2, there exists a planar graph G 
with A = k and x'^(G) = 4A - 4. 

Borodin and Ivanova [2] show that if a planar graph G has maximum degree at most A 
and girth (i.e. the length of a shortest cycle) at least 40[^J -|- 1, then x'siG) < 2A — 1. 

In regards to subcubic graphs, i.e., graphs with maximum degree at most 3, Faudree et al. 
[6] pose the following set of conjectures. 


Conjecture 2 (Faudree et al. ’90). Let G be a subcubic graph. 

2.1 x'si.G) < 10 

2.2 If G is bipartite, then x'siG) < 9 

2.3 If G is planar, then x'siG) < 9 

2.4 If G is bipartite and the degree sum along every edge is at most 5, then x'siG) A 6. 

2.5 If G is bipartite with girth at least 6, then x!siG) < 7. 

2.6 If G is bipartite with large girth, then x'siG) < 5. 

Andersen [T], and independently Horak, Qing and Trotter [TH], proved Conjecture 2.1. 
Conjecture 2.2 was verihed by Steger and Yu [21]. Conjecture 2.4 was conhrmed by Wu and 
Lin [22] and was generalized by Nakprasit and Nakprasit [18]. The previously mentioned 
result of Borodin and Ivanova [2] verihed Conjecture 2.6 for planar graphs. The authors 
know of no results which pertain to Conjecture 2.5. 

The purpose of this paper is to verify Conjecture 2.3. That is, we prove the following 
theorem, which is best possible by considering the complement of the cycle of length six. 


Theorem 1. Every subcubic, planar multigraph G with no loops has x'siG) < 9. 


^Recently, Bruhn and Joos [3] claim to have improved this bound to l.OSA^. 
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The proof of this result yields a polynomial time algorithm in terms of the number of 
vertices that will color any subcubic, planar multigraph using at most nine colors. Theorem 
[ 1 ] implies the following corollary. 

Corollary 2. Every subcubic, planar multigraph G with no loops contains an induced match¬ 
ing of size at least |T^(G')|/9. 

This corollary extends a result of Kang, Mnich and Muller [16] to loopless multigraphs. 
Joos, Rautenbach and Sasse [15] later showed that the above lower bound holds for all 
subcubic graphs, thus proving a conjecture of Henning and Rautenbach m. 

Hocquard et ah m provide upper bounds on the strong chromatic index of subcubic 
graphs based on the maximum average degree. These results, which strengthen those of 
Hocquard and Valicov [12] , provide stronger upper bounds on the strong chromatic index of 
subcubic planar graphs based on girth. In addition, they prove Conjecture 2.3 for subcubic 
planar graphs with no induced C 4 or C 5 . This result verihes Conjecture 2.3 for subcubic 
planar graphs with girth at least six, a statement independently obtained by Hudak et ah 

[H]. 

We present our result as follows. In Section [21 we provide the notation we will use along 
with preliminary results. The remaining sections assume the existence of a minimal coun¬ 
terexample. Section El contains basic properties of a minimal counterexample, including the 
fact that it has no cycles of length three or four. The lemmas in Section 0] will show that if a 
face has a 2 -vertex on its boundary, then the face has length at least eight, and additionally, 
if two 2 -vertices exist on a face, then the distance between them is at least five on the face. 
Section |5] contains two lemmas showing that every face of length five is surrounded by faces 
of length at least seven. Lastly, Section | 6 ] contains a discharging proof based on the lemmas 
presented in Sections [S] 01 and jS] 

2. Preliminaries and notation 

In the proof of Theorem (H we will often remove vertices or edges from a minimal coun¬ 
terexample and obtain a strong edge-coloring of the remaining multigraph. To aid us, we 
introduce some notation and preliminary facts that we will use in explanations. 

We will use some lower case Greek letters, such as a,/?, 7 , 5, to denote arbitrary colors, 
and we will use 0, a, "0 to denote colorings. Also an i-vertex is a vertex of degree i in our 
multigraph, and a j-face is a face of length j in our plane multigraph. An -vertex and 
j^-face is a vertex of degree at least i and a face of length at least j, respectively. 

A coloring of a multigraph G is good, if it is a strong edge-coloring of G using at most 9 
colors. A partial coloring of a graph G is a coloring of any subset of E{G), and we say it 
is a good partial coloring of G, if for any colored edges ei and 62 that are either adjacent to 
each other or adjacent to a common edge, we have ei and 62 receiving different colors. Given 
edges e, e' in G, we say that e sees e' if either e and e' are adjacent, or there is another edge 
e" adjacent to both e and e'. Additionally, we will also say that e sees a color a, if e sees an 
edge e' for which 0(e') = a, where 0 is a partial coloring. 

Let 0 be a good partial coloring of a graph G. For v G V{G), let U^iy) denote the set of 
colors used on the edges incident to v. For an uncolored edge e G E{G), let A^{e) to denote 
the set of colors that can be used on e to extend 0 to a new good partial coloring of G. For 
adjacent vertices u,v, let T^(m,u) := hi^{u) \ {0(mu)}. That is, T^(m,u) denotes the set of 
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colors used on edges incident to u other than uv. As 0 is a good partial coloring, T^{u,v) 
and are disjoint. Often we will refer to only one partial coloring which will not be 

named. In these cases we will suppress the subscripts in the above notations. 

As mentioned, we will remove vertices and edges from a multigraph G to obtain a good 
partial coloring, say 0. Often, we will consider |A0(e)| for every uncolored e in G, in order 
to apply the well known result of Hall [S] in terms of systems of distinct representatives. 

Theorem (Hall ’35). Let Ai,... ,An he n subsets of a set U. A system of distinct repre¬ 
sentatives of {Ai,An} exists if and only if for all k^l ^ k < n and every choice of 
subcollection of size k, ..., we have |Ajj U • • • U Ajj,| > k. 

This will give a coloring of the remaining uncolored edges such that for every pair of un¬ 
colored edges Cl and 62 , they will receive distinct colors from A 0 (ei) and A^(e 2 ), respectively. 
Such an extension of 0 is a good coloring of G and yields the desired result. Thus, when 
left in a situation in which we can apply Hall’s Theorem, we will say that we obtain a good 
coloring of G by SDR. 


3. Basic Properties 

Everywhere below we assume G to be a subcubic, planar multigraph contradicting Theo¬ 
rem [H Among all such counterexamples, we assume that G has the fewest vertices, and over 
all such counterexamples, has the fewest edges. G is connected, as otherwise we can color 
each component by the minimality of G, and so obtain a good coloring of G. As G is planar, 
we assume G to be a plane multigraph in all the following statements. That is, we consider 
G together with an embedding of G into the plane. 

In this section, we will show several properties of G, including that G is simple, has no 
small cycles and the distance between any two 2 -vertices is at least three, a fact that we will 
strengthen in a later section. Similar statements are proven in [11], [121E] while considering 
minimal counterexamples with different properties. 

Lemma 3. G has no multiple edges, i.e., G is a simple graph. 

Proof. Suppose that e is a parallel edge in G. By the minimality of G, G — e has a good 
coloring. Since e sees at most seven edges in G, we can extend this good coloring to G. □ 


Lemma 4. G has minimum degree at least 2. 

Proof. Suppose that u is a 1-vertex and u is the neighbor of v. Then G — v has a good 
coloring. Since uv sees at most six edges in G, we can extend this good coloring to G. □ 

Lemma 5. G has no cut-vertex and no cut-edge. 

Proof. Since G is subcubic, the existence of a cut-vertex implies the existence of a cut-edge. 
Thus, it suffices to suppose that G has a cut-edge, say V 1 V 2 . For i = 1,2, let Hi be the 
component of V 1 V 2 containing Uj. By Lemma 0] \V{Hi)\ > 2. Dehne Gi to be the graph 
consisting of Hi together with V 2 and the edge V 1 V 2 . Similarly dehne G 2 to be the graph 
consisting of H 2 together with vi and the edge V 1 V 2 . 

By the minimality of G, Gi and G 2 have good colorings, and 02 , respectively. We may 
assume lA^^iyi) C {1,2,3}, U,j,^{y 2 ) C {1,4,5} with 0 i(uiU 2 ) = 02 ( 111112 ) = 1- Merging these 
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two colorings yields a good coloring of G. □ 


Lemma 6. If { 61 , 62 } is an edge-cut in G, then 61,62 are adjacent to each other. 

Proof. If not, then we have an edge-cut {uiWi,U 2 W 2 } in G that is a matching. We may 
assume that ui and U 2 are in the same component of G — {uiWi, U 2 W 2 } so that we can define 
Hu to be the component of G — {uiWi,U 2 W 2 } containing ui and U 2 . Let = G — Hu- 
We may then let G„ be the graph consisting of Hu together with a new vertex w whose 
neighborhood is {ui,U 2 }. Similarly, let Gu, be the graph consisting of Hu, together with a 
new vertex u whose neighborhood is {wi, ^ 2 }- Observe that G„ and Gu, are subcubic, planar 
multigraphs, and so by the minimality of G, Gu and Gu, have good colorings fu and fu,, 
respectively. 

Now, if |W 0 „(wi) UW 0 ^(m; 2 )| < 5, then we may assume that UW<^„(m; 2 ) ^ [5] 

with uwi being colored i. Since |W 0 ^(mi) UG<^„(m 2 )| < 6 , we may similarly assume that 
U^^{ui) UW 0 ^(m 2 ) ^ {1, 2, 6 , 7, 8 , 9} with wui being colored i. We may then merge these two 
colorings to obtain a good coloring of G in which UiWi receives color i for i G { 1 , 2 }. 

So, we have \U^^{wi) UU^^{w 2 )\ = \U^,,{ui) UW^„(m 2 )| = 6 . This implies UiU 2 ,WiW 2 ^ 
E{G). Thus, we may assume that = {1,3,4}, W 0 ^(t(; 2 ) = {2,3,4}, W 0 ^(m 2 ) = 

{2,5, 6 }, = {1,5,6} with uwi,wui being colored i. Again, we can merge these 

two colorings to obtain a good coloring of G in which UiWi receives color i. □ 


Lemma 7. G has no triangles. 

Proof. Suppose that W 0 W 1 W 2 is a triangle in G. If wq is a 2 -vertex, then as G —tco has a good 
coloring, and since each of wqWi and W 0 W 2 see at most colored 5 edges in G, we can extend this 
good coloring to G. Thus, each Wi is a 3-vertex, and we may assume Ng{wo) = {mq, wi, W 2 }, 
Ng{wi) = {wo,Ui,W 2 } and Ng{w 2 ) = {wo,Wi,U 2 }. 

Now, G — {wq, 101 , 102 } has a good coloring, which applied to G is a good partial coloring 
such that \A{wiUi)\ > 3 and |A(tCjtCj+i)| > 5 for i G {0,1, 2} taken modulo 3. If there are at 
least six colors available on these six uncolored edges, then we can extend to a good coloring 
of G by SDR. So we may assume A{wqWi) = A{wiW 2 ) = A{w 2 Wq) and |A(tcoWi)| = 5. 
Without loss of generality, we may assume A(tcoWi) = {1,2, 3,4, 5}. However, this implies 
that for i G {0,1, 2}, U{ui) and U{ui+i) partition { 6 , 7, 8 , 9}, which cannot happen. □ 


Lemma 8 . G has no separating cycle of length four or five. 

Proof. We first show that G has no 4-cycle with a 2 -vertex. Suppose that 101102103104 is a 
4-cycle. If wi is a 2 -vertex, then G — wi has a good coloring, such that \A{wiW 2 )\, \A{w 4 Wi)\ 
> 2 , and we can extend this to a good coloring of G. Thus, if G has a 4-cycle, then each 
vertex of the cycle is a 3-vertex. We will use this below to show that G has no separating 
4-cycle or 5-cycle. 

If on the contrary, G has a separating 4-cycle or 5-cycle, call it G. By Lemma [TJ G has 
no chords, and as G is subcubic, each vertex of G is incident to at most one edge not on 
G. Since [|J = 2 , by symmetry we may assume that there are at most two edges inside G 
that are incident to vertices on G (recall that G is assumed to be embedded in the plane). If 
there is exactly one such edge, then G has a cut-edge, contradicting Lemma [5l So, we have 
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two such edges, which are in fact cut-edges, and by Lemma [ 6 l these edges share a common 
endpoint, say u, inside of C. Now, u is a 2-vertex, as otherwise it would be a cut-vertex 
with a cut-edge. However, u together with the vertices of C has either a triangle or a 4-cycle 
containing a 2-vertex, contradicting Lemma [7] or the above, respectively. Thus, G has no 
separating 4-cycle or 5-cycle. □ 


Lemma 9. G has no 4 -cycle. 

Proof. Suppose that X0X1X2X3 is a 4-cycle in G. By Lemma IH this cycle is a 4-face and as 
is shown in the proof of Lemma [HI each Xi is a 3-vertex. As a result, we let yi denote the 
third neighbor of Xj, which is not on this 4-cycle. By Lemmas [7| and [HI the yds are distinct 
and yoy 2 ,yiy 3 4- -^(^)- Let G' denote the graph obtained from G by removing xo,Xi,X 2 ,X 3 
and adding the edge yo 2 / 2 - Observe that G' is a subcubic, planar multigraph, and so by the 
minimality of G, G' has a good coloring. Ignoring yol/ 2 , we have a good partial coloring of G 
that we extend by coloring xoyo,X2y2 with the same color that yo 2/2 received. This extended 
coloring is a good partial coloring, and we will refer to it as <p. As \A^{xiyi)\, \ A^[x^y^)\ > 2 , 
we can greedily color these two edges and obtain another good partial coloring, which we 
will call a. 

Note that the edges of the 4-cycle are the only uncolored edges of G under a, and 
\A^{xiXi+i)\ > 2 for each i G {0,1,2,3} taken modulo 4. Additionally Wo-(yo) AlA„{ii2) = 
{cT(xoyo)}- So, without loss of generality, we may assume that U„{iiq) C {1,2,3} and 
W.(y 2 )C {1,4,5}. 

Suppose that |Aa-(xoXi) U Afj{x 2 X^)\ = 2 so that without loss of generality, Aa-(xoXi) = 
Aa{x 2 X^) = {8,9}. This implies 

G^(yo) AU„{yi) U {a{x^y^)} = U„{y2) AU^iy^) U {cr(xiyi)} = [7] 

and additionally To-(yi,xi) = {4, 5}, To-(y 3 , X 3 ) = {2,3}. However, this implies \A„{xiX 2 )\, 
|Ao-(x 3 Xo)| > 4, and we can obtain a good coloring of G by coloring the edges XoXi,X 2 X 3 , 
X 1 X 2 , X 3 X 0 in this order. 

So we have \A^{xqXi) U A„{x2X^)\ > 3 and by symmetry \A^{xiX2) U A^^x^Xq)] > 3. We 
may assume that \A„{xqXi) A A„{xiX2) A A„{x2X^) A A„{x^Xq)\ < 3, otherwise we can obtain 
a good coloring of G by SDR. 

Now, if \Afj{xQXi)\ = 2, then To-(yo,3:o) = {2,3}, and additionally, 2,3 ^ Uaiyi) U 
{cr(x 3 y 3 )}. Since U(j{y 2 ) A {1,4,5}, we have 2, 3 G Ao-(xiX 2 ), but 2, 3 ^ Acr{xoXi). Thus, 
\Afj[xQXi)AAfj{xiX 2 )\ > 4, a contradiction. So, \Arj{xQXi)\ = 3, and by symmetric arguments, 
we have A„{xoXi) = A„{xiX 2 ) = A„{x 2 Xz) = A„{x 2 ,xq). 

If To-(yo)3:o) ^ hl„{yi) U {cr{x2,y3)}, then |Ao.(a^o3^i)| > 4, a contradiction. Thus, say 
2 ^ U^{yi) U {cr(x 3 y 3 )}. However, 2 ^ U^{y 2 ) so that 2 G A„{xiX 2 ) \ A„(xoXi), again a 
contradiction. Thus, in all cases we can extend a and obtain a good coloring of G. □ 


Lemma 10. The distance between any two 2-vertices is at least three. 


Proof. Let u,v be 2-vertices in G. Suppose hrst that u,v are adjacent, and let w be the 
other neighbor of v, which is possibly the other neighbor of u as well. Now, G — v has a good 
coloring, and since uv sees at most 5 colored edges in G and vw sees at most seven colored 
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edges in G, we can extend this good coloring to G. Thus, u and v are at least distance two 
apart in G. 

Now suppose u and v are distance two apart and are both incident to a 3 -vertex x. Let 
Ng{u) = W,x}, Ng{v) = {v'^x} and Nq{x) = where u'^v'^x' are not necessarily 

distinct. By the minimality of G, G — {u^v^x} has a good coloring such that uu',vv',xx' 
each see at most six different colors, and ux, vx each see at most four different colors. Thus, 
we can extend this good partial coloring to G by coloring the edges uu',vv', xx',ux,vx in 
this order. □ 


4. Faces Without 2-Vertices 

In this section, we show that if a face has a 2 -vertex, then that face must have length at 
least eight. Additionally, if a face does have two 2-vertices on its boundary, then the distance 
between them along the face is at least hve. 

Lemma 11 . Every vertex of a 5 -eyele in G is a 3 -vertex. 

Proof. By Lemma [HI it suffices to consider 5 -faces. Suppose on the contrary that xiX2X3XiX5 
is a 5 -face in G and x^ is a 2-vertex. Lemma [101 implies that each Xi other than x^ has a 
third neighbor |/j. By Lemmas [TJ [S] and [01 these yi are distinct, not on our cycle and pairwise 
nonadjacent except for possibly yiy^. 

Let G' denote the graph obtained from G by removing ti,0:2,T3,0:4,ts and adding the 
edge 1/2I/4. Observe that G' is a subcubic, planar multigraph, and so by the minimality of 
G, G' has a good coloring. Ignoring 1/2I/4, we have a good partial coloring of G that we can 
extend by coloring X/^x^, X2y2 with the color of 1/2I/4. Call this good partial coloring, cj). Note 
that lAfjj^xsys)], \ A^{x4yif)\ > 2 so that we can color these two edges greedily to obtain a new 
good partial coloring a. 

Now, \A„{xiyi)\,\A„{x2X:i)\,\A„{x2.Xi)\ > 2 , |A^(a;ia;2)| > 3 and \A„{x^Xi)\ > 5 . If 
Aa{xiyi) n A„[x2,Xi) = 0 , then we can extend this to a good coloring of G by SDR. So 
we can color xiyi^x^x^ with the same color, a. We can then color the remaining three un¬ 
colored edges by SDR. □ 

Lemma 12 . The distance between any two 2 -vertices is at least four. 

Proof. By Lemma [TOl we may consider a path xiX2X^XiX^XQ such that X2,x^ are 2 -vertices. 
By Lemma [TUI all other Xi are 3 -vertices, and so, we let 1/3,1/4 be the third neighbors of X3, X4, 
respectively. By Lemmas [ 3 , [U], [HI and [H], 1/3,1/4 are distinct, not on this path and the only 
possible adjacency between these eight vertices other than those on the path and X3i/3,X4i/4, 
is xiXq. However, regardless of the existence of xix^, the following argument holds. 

By the minimality of G, G — {x2,xz,Xi,x{\ has a good coloring such that |A(a:ia:2)|, 
\A{x3y3)\, \A{x4,y4)\, |A(a;5a;6)| > 3 and |A(a;2a:3)|, |A(a:3a:4)|, |A(a;4a;5)| > 5 (when xiXq G 
F(G), then we get |A(a;ia;2)|, \A{x3Xq)\ > 4 ). 

If there exists a G A{x2X3) \ Ai^x^x^) (or if |A(a;4a;5)| > 6), then we can color 0:2X3 with a 
(or color X2X3 hrst) and then color X1X2, X3I/3, X4I/4, X3X4, x^Xq, X4X5 in this order to obtain 
a good coloring of G. So, we may assume that |A(x4X5)| = 5 and A{x2X3) = ^(^4X5). 

If A(xiX 2) n A(x2X3) = 0 , then we can color xsXg, X4X5, X4I/4, X3I/3, X3X4, X2X3,XiX2 in 
this order to obtain a good coloring of G. Thus, it remains to consider the case when 
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A{x2Xz) = Ai^x^xr,) and there exists some /3 G A{xiX2) r\A{x2X^). In this case, we color X1X2 
and 0:40:5 with {3 and then color x^xq, X4y4, x^y^, X3X4, X2X3 in this order to obtain a good 
coloring of G. □ 


Lemma 13. If the boundary of a face in G contains a pair of 2 -vertices, then the distance 
on the boundary between them is at least five. 

Proof. By Lemma [121 any face contradicting the statement has length at least eight and 
contain a path xiX2X^X4X^XqXj such that X2 and Xq are 2 -vertices. By Lemma [T 21 all other 
Xi are 3 -vertices, and so, for j G { 3 , 4 , 5 } we let yj be the neighbor of Xj other than Xj^i, Xj+i. 
By Lemmas [71 [Hand[HI we have that 0/3,7/4, y^ are distinct, pairwise nonadjacent and not on 
this path. By the same Lemmas, the only possible adjacencies between these ten vertices 
other than those on the path and 0:30/3,0:40/4,0:50/5, are xio/5, X70/3. However, both edges cannot 
exist simultaneously and their existence will not affect the following argument. 

Let G' be obtained from G by removing 0:2,0:3,0:4, X5, xq and adding the edge 0/30/5. Observe 
that G' is a subcubic, planar multigraph, and so by the minimality of G, G' has a good 
coloring. Ignoring 0/30/5, we have a good partial coloring of G that we can extend by coloring 
X3O/3 and 0:50/5 with the color of 0/30/5. We will refer to this coloring as f. Note that \ A,p[x4X2)\, 
\A^[x4y4)\, \A,p{xqXj)\ > 2 and \ A^[xiXi^i)\ > 4 for 0 G { 2 , 3 , 4 , 5 }. From here we see that the 
existence of Xiy^ does not affect coloring 0:10:2 as 0(0:50/5) is already excluded from A,p[xiX2) 
since 0:10:2 sees 0:30/3. Symmetrically, the existence of 0:70/3 does not affect coloring xqXj as 
0(2:30/3) is already excluded from A^pi^x^x-j) since xqXj sees 0:50/5. 

If there exists a G A^[x4X^) \A^{x2X3) (or if 1^0(0:20:3)1 > 5 ), then we can color 0:40:5 with 
a (or color 0:40:5 hrst) and then color 0:50:7, 0:40/4, 0:50:5, 0:30:4, 0:10:2, ^20:3 in this order to obtain 
a good coloring of G. So, we may assume that 1^0(0:20:3)1 = 4 and ^0(0:20:3) = ^0(0:40:5). 

If H0(xio:2)nH0(0:40:5) = 0 (and consequently, ^0(0:40:2) 14^0(0:20:3) = 0 ), then we can color 
XqX^, X4y4, x^Xq, X4X5, X3X4, X2X3, X1X2 in this order to obtain a good coloring of G. Thus, it 
remains to consider the case when there exists some 0 G ^(0:40:2) H ^(0:40:5). In this case we 
color xiX2,X4X5 with 0 and then color ^50:7, 0:40/4, 0:50:5, 0:30:4, 0:2X3 in this order to obtain a 
good coloring of G. □ 


Lemma 14. Every vertex of a 6-cycle in G is a 3 -vertex. 

Proof. Suppose that G has a 6-cycle G given by X0X1X2X3X4X5 on which xq is a 2 -vertex. By 
Lemma [ 12 ], xq is the only 2 -vertex of G. 

Case 1. G is a separating 6-cycle. 

By Lemmas [ 7 ] [H and [HI G has no chords. Just as in the proof of Lemma [H, we may assume 
that G has at most two edges inside G that are incident to vertices on G. If there is exactly 
one such edge, then G has a cut-edge, contradicting Lemma [ 5 ] So, we have two such edges, 
and by Lemma [6] these edges share a common endpoint, say u, inside of G. Now, m is a 
2 -vertex, else it is a cut-vertex with a cut-edge. However, u together with the vertices of G 
contains either a triangle, a 4 -cycle, or a 5 -cycle containing a 2 -vertex, contradicting Lemmas 
El [ 9 ] El or [TTl respectively. 

Case 2. G is not a separating 6-cycle. 


Recall that G is assumed to be embedded into the plane. Thus C must be the boundary 
of a 6-face. As mentioned above, each Xj, other than xq, is a 3 -vertex and so has a third 
neighbor i/i. We claim that these |/j’s are distinct, pairwise disjoint and not on C. Indeed, if 
any yi was on C, we would create either a triangle or 4 -cycle, contradicting Lemmas [ 7 ] and IHl 
For i G [ 4 ], if = |/j+i, we have a triangle contradicting Lemma [71 For i G { 1 , 2 , 3 , 5 } taken 
modulo 5 , if yi = |/i+2, we have a 4 -cycle contradicting LemmaO For i G { 1 , 2 }, if y^ = 1/^+3, 
then |/jXjXj+iXj+2a^i+3l/i+3 is a separating 5 -cycle contradicting Lemma [SI Thus, the yiS are 
distinct. For i G [ 4 ], if yiyi+i G E{G), we have a 4 -cycle contradicting Lemma [ 9 l For i G [ 3 ] 
if yiyi+2 G E{G), we have a separating 5 -cycle contradicting Lemma [H If y^yi G E{G), 
then 2/1X1X0X52/5J/1 is a 5 -cycIe containing a 2 -vertex contradicting Lemma [TTl For i G { 1 , 2 } 
if yiyi+3 G E{G), then yiXiXi+iXi+2Xi+3yi+3yi is a separating 6-cycIe contradicting Case 1 . 
Thus, the j/j’s are pairwise disjoint. 

Now, let G' denote the plane graph obtained from G by adding a new vertex 2; inside 
the face bounded by C, deleting xq, ..., X5, and adding the new edges zyi, zy3, zy^. Observe 
that G' is a subcubic, planar graph, and so by the minimality of G, it has a good coloring 
0 . Ignoring zyi, zy3, zy^, this yields a good partial coloring of G that can be extended by 
coloring xiyi and X3X4 with (f){zyi). This coloring, call it a, is indeed a good partial coloring 
as (j){zyi) cannot appear in T<^(|/3,X3) U T^{y4^,X4) since 0 was a partial good coloring. 

Without loss of generality, suppose a{xiyi) = a{x3X^ = 1 . Note that \A„{xiyi)\ > 2 
for i G { 2 , 3 , 4 , 5 }, |Ao-(xjXj+i)| > 4 for j G { 1 , 2 , 4 } and \A„{xiX(,+i)\ > 6 for £ G { 0 , 5 } 
taken modulo 6. As a result, if we can extend cr to a good partial coloring on the edges 
3 ^ 22 / 2 , a;3|/3, X4I/4, X5I/5, X2X3, X4X5, then we can extend this further by coloring X1X2, XqXi, XqXs 
in this order to obtain a good coloring of G. Thus, it suffices to consider the edges 

X 2 y 2 , X 3 y 3 , X^y^, X5?/5, X2X3, X4X5. 

For i G { 2 , 3 , 4 , 5 }, if there exists a G Afj{xiyi) \ A„{x2X3) (or \Aa{x2X3)\ > 5 ), then we 
can color Xiyi with a (or color Xiyi hrst). If i = 2 , we color X3J/3,X4J/4,X5I/5,X4X4,X2X3 in 
this order. If i = 5 , we color X/^y^^, X3y3, X2y2, X4X3, X2X3 in this order. If i G { 2 , 3 }, we color 
Xi-iyi-i,... ,X2y2,Xi+iyi+i,... jX^y^, X4X5,X2X3 in this order. In all cases, we obtain our 
good partial coloring of G. As a consequence, \Afj{x2X3)\ = 4 and Aa-{xiyi) C Ao-(x2X3) for 
i G { 2 , 3 , 4 , 5 }. By a symmetric argument, |Ao-(x4X5)| = 4 and A„{xiyi) C Ao-(x4X5). 

Now, if there exists (3 G A„[x3y3) \ (3^21/2) (or \A„[x2y2)\ > 3 ), then we can color X3I/3 

with (3 (or color X32/3 hrst) and then color X4I/4, X5I/5, X4X5, X2X3, X22/2 in this order to obtain 
our good partial coloring of G. So we may assume that \A„[x2y2)\ = 2 and A„[x2y2) = 
Aaixsys). A similar argument shows that |Ao-(x5|/5)| = 2 and A^i^x^y^) = Ao-(x4|/4). 

Lastly, if there exists 7 G Ao-(x2|/2) H Ao-(x4|/4), then we can color X22/2,3:41/4 with 7 and 
then color X3//3, X5//5, X4X5, X2X3 in this order to obtain our good partial coloring of G. 

Thus, A^(x2//2) = A^(x 3//3) and A<^(x4//4) = A<^(x5//5). Furthermore, A„{x2y2) and 
Ao-(x 4//4) partition A„{x2X3) and Ao-(x4X5) so that Ao-(x2X3) = Ao-(x4X5). So without loss of 
generality, we may assume that A^(x2//2) = A<^(x3//3) = { 2 , 3 }, A^(x4//4) = A^(x5//5) = { 4 , 5 } 
and Ao-(x 2X3) = Ao-(x4X5) = {2, 3 , 4 , 5 }. We can then obtain a good partial coloring of G by 
coloring x^yt with i for i G { 2 , 3 , 4 , 5 }, X2X3 with 5 and X4X5 with 2 . As mentioned above, 
these good partial colorings can each be extended to obtain good colorings of G. 

This completes the case that G is the boundary of a 6-face, and so proves the lemma. □ 


Lemma 15 . Every vertex of a 7 -faee in G is a 3 -vertex. 
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Figure 4.1. Forming G" from G 


Proof. Recall that G is assumed to be embedded into the plane. Suppose on the contrary 
that G has a 7 -face with boundary xqXiX2 .. .Xq with xq being a 2 -vertex. By Lemma [121 
each Xi other than xq has a third neighbor yi ^ Xj+i} where i is taken modulo 7 . 

Similarly to Case 2 of Lemma HH Lemmas d | 9 l El El] and EH imply that the i/ds are not 
on the 7 -face, are distinct and the only possible adjacencies other than those on this face or 
XiVi, i e [ 6 ], are 2 / 12 / 4 , 2 / 22 / 5 , 2 / 32 / 6 - Note by Lemma El 2 / 22 / 6 , 2 / 12/5 ^ E{G). 

Let G' be obtained from G by removing xq, Xi, ... ,Xq and adding the edges yiye, 1/22/4 (see 
Figure HT]). Observe that G' is a subcubic, planar multigraph, and so by the minimality of 
G, G' has a good coloring, which ignoring 2/12/6,2/22/4, is a good partial coloring cf of G. 

Claim 1. A^{x 2 y 2 ) O A^lx^y^) O A^lxey^) = 0 . 

Proof. Without loss of generality, suppose on the contrary that 1 G A^{x2y2) O A^^x^y^) O 
A^^x^yo). We can obtain another good partial coloring of G, a, by coloring 0:22/2, 2:41/4, a; 62/6 
with 1 . Recall that 2/*2/i+3, * ^ [ 3 ] are possible edges of G. However, the existence of these 
edges will not affect the following argument as we will be sure to not color xii/i, 0:31/3,0:51/5 
with 1. 

Note that \Acr{xiyi)\ > 2 for i G { 1 , 3 , 5 }, \A„{xjXj+i)\ > 4 for j G [ 5 ] and |y 4 o-(o: 6 o:o)|, 
|Ho-(o:oo:i)| >6. As a result, if we can somehow extend a to a good partial coloring on the 
edges Xiyi, 0:31/3, 0:51/5, 0:40:2, 0:20:3, X3X4, 0:40:5, then we can extend this further by coloring 
0:50:6, 0:00:0, 0:00:1 in this order. Thus, it suffices to consider the edges Xiyi, x^y^, x^y^, X1X2, 
X2X3, X3X4, 0:40:5. 

Now, if there exists a G A„{x2X3) \ Ao-(o:4o:5) (or |Ao-(o:4o:5)| > 5 ), we can color 0:20:3 
with a (or just color 0:2X3 hrst) and then color Xii/i, X3I/3, X1X2, X3X4, X5I/5, X4X5 in this order 
to obtain our good partial coloring of G. So, we may assume that |Ao-(x4X5)| = 4 and 

A,^(X4X5) = A„{x2X3). 

If Ao-(x5i/5)nAo-(x2X3) = 0 (and consequently, Ao-(x5i/5)nAo-(x4X5) = 0 ), then we can color 
xii/i, X31/3, X1X2, X2X3, X3X4, X4X5, X51/5 in this order to obtain our good partial coloring of G. 
Thus, it remains to consider the case when there exists some {3 G A„{x^y^) fl A„{x2X3). In 
this case, we color X5i/5,X2X3 with (3 and then color xii/i, X3I/3, X1X2, X3X4, X4X5 in this order 
to obtain a good coloring of G. This proves the claim. □ 
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Recall that we originally constructed the auxiliary graph G — {xq, ..., xe} + ViHq + 2/22/4 
to obtain <p. By Claim [H the colors placed on 2/12/6,2/22/4 cire distinct, as they are colors 
in and A^{x2y2) H A^^x^y^), respectively. So we may assume that 2/12/6 and 2/22/4 

received the colors 1 and 2 , respectively. 

Coloring xi2/i,X62/6 with 1 and X22/2,3:42/4 with 2 , extends 0 to a good partial coloring 
of G. Additionally, under this new partial coloring, X52/5 sees at most eight colored edges, 
including edges colored 1 and 2, so that we can extend further by coloring X52/5 with some a. 
We will refer to this new good partial coloring in which xi2/i,X62/6 are colored 1 , X22/2,2:42/4 
are colored 2 and X52/5 is colored a, as xjj. 

Under 1/:, the existence of 2/12/4,2/22/5 will not affect our arguments as the edges xi2/i,X42/4, 
3:22/2, 3:52/5 are already colored in a good partial coloring. The existence of the edge 2/32/6 will 
not affect our arguments as we will not color X32/3 with 1. 

Observe that |A^(x32/3)|, |A^(x4X5)|, |A^(x5X6)| > 2 , \A^{xiXi+i)\ > 3 for i e [ 3 ] and 
|A^(x6Xo)|, |A,^(xoXi)| > 5 . As a result, if we can somehow extend 'll) to a. good partial 
coloring on the edges X1X2, X2X3, X3X4, X4X5, X5X6, X32/3, then we can extend this further by 
coloring xqXi^XqXq. Thus, it suffices to consider the edges X1X2, X2X3, X3X4, X4X5, X5X6, X32/3 
below. 

Claim 2. A^^x/^x^) = A^^x^xq) and |A^(x4X5)| = 2 . 

Proof. Suppose on the contrary that either |A.,^(x5X6)| > 3 or A^^x^x^) \ A^[x^Xq) 7^ 0 . 
In either case, we color X4X5 first, where in the latter case we use a color from A.^{xiX^) \ 
A^{x^xq). Suppose that (3 is the color we can apply to X4X5. Note that there exists some 

71 G A^{x^yz) \ {/?} as an available color for X32/3. 

We aim to show that it is impossible for A^{x2Xz) = A^{x^xf) = {/9,7i,72} for some 

72 ^ {/S, 7i}. If this was the case, then as 1, 2 ^ A^(x2X3), we may assume that /3 = 3 ,71 = 4 

and 72 = 5 . Additionally, as a ^ {/d, 71,72}, we may assume that a = 6. Thus, we have 
'^^piys, 3:3) U T^(2/4, X4) = { 1 , 7 , 8, 9 } and T^{y2, X2) U T^(2/3, X3) = {6, 7 , 8, 9 }. This implies 
that T.0(2/2,X2) n T.0(2/4,X4) 7^ 0 . However, recall that the auxiliary graph used to obtain 0 
contained 2/22/4- As a result, Tiij{y2,X2) = 0 , a contradiction. So we cannot have 

Ap(x2X3) = A^(x3X4) = {/ 3 ,71,72}, as desired. 

As a result, if we color X4X5 with jS and X32/3 with 71, we can further color X2X3,X3X4 to 
obtain a good partial coloring of G, which we will call r. Let 72, 73 denote r(x2X3), r^x^x^), 
respectively. Without loss of generality, we may assume 71 = 7 ,72 = 8, 73 = 9 . Recall that 
we are assuming either |A.,^(x5X6)| > 3 or G A^(x4X5) \ A.^[x^Xq). So At.[x^Xq) 7^ 0 , and 
if A.,-(xiX 2) 7^ 0, we can greedily color xiX2,x^Xq to obtain a good partial coloring which we 
can extend to all of G as mentioned above. 

Thus, we had A^(xiX2) = { 7 , 8 , 9 }. We may also assume that W^(2/i) = { 1 , 3 , 4 } and 
^^(2/2) = { 2 , 5 , 6 }. Under r, if we could recolor X2X3 with either 3 or 4 , then we could 
color X1X2 with 8 and color X5X6 last to obtain our good partial coloring of G. Thus, 
3,4 G T,-(2/3,X3) U { 13 }. A similar argument holds if we could recolor X3X4 with 1 , 3 , 4 , 5 , or 
6 , implying 1 , 3 , 4 , 5 , 6 G Trivz, X3) U T^(2/4,3:4) U [a, ft}. 

Recall that 2/22/4 was an edge of G' so that Tr{y2,X2) H T,-(2/4,X4) = 0 . In particular, 
5 , 6 ^ Tt-(2/4,X4). Thus, we have 5 , 6 G T^iysjXs) U {a,/ 9 }, and consequently, Tt-(2/3,X3) U 
{«,/?} = { 3 , 4 , 5 , 6 } = Tr{yi, Xi) U T^(2/2,3:2), and 1 G T^(2/4,3:3)- 

Let us reconsider fj. As 1 G T^(2/4,X3), we have |A^(x4X5)| > 3 . If either |A^(x5X6)| > 3 
or |A^(x4X5) \ A^(x 5X6)| > 2, then instead of coloring X4X5 with ft, we could color it with 
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some /S' 7^ /9 such that 0:50:6 would still have at least two colors available on it. By repeating 
an argument similar to the above, we would then conclude that TriysyX^) U {a,/S'} = 
Tr{yi,xi) U 0:2), a contradiction, as it would imply {3 = /S'. 

As a result, we have |A,^(o:5o:6)| = 2 and |A^(x4o;5) \ A^(o:5o:6)| = 1 . We may assume that 
A^{x^Xq) = {^1, 62] and ^^(0:40:5) = {/ 3 , ^i, 62]. Recall that T^(|/3,0:3) U {a, /?} = { 3 , 4 , 5 , 6} 
so that /S ^ T.0(?/3,0:3), and consequently, /S G A^{x^Xi). 

If {^1,(52} 7^ { 7 , 8 }, then we can color 0:40:5 with a color in {^1,^2} \ { 7 , 8 }, color X3X4 
with /S, X3I/3 with 7 , X2X3 with 8, X1X2 with 9 and color X5X6 last to obtain our good partial 
coloring of G. If {(5i,52} = { 7 , 8 }, then we can color xiX2,X4X5 with 8 and Xzyz.x^x^ with 
7 . This good partial coloring of G leaves at least one available color on each of X2X3,X3X4. 
In particular, 5 and 6 are not available on X2X3. If 5 or 6 is in T^{y3,X3), then X2X3 has 
at least two available colors and we obtain our good partial coloring of G. Since we cannot 
have 5 or 6 in T^(?/4,X4), we must have either 5 or 6 available on X3X4. Thus, we can color 
X3X4,X2X3 and obtain our good partial coloring of G. 

As mentioned above, these good partial colorings of G can be extended to good colorings 
of G, and this proves the claim. □ 


Without loss of generality suppose a = 3. As 1 , 2,3 ^ A^(x4X5), we may assume that 
A^(x4X5) = A^^x^Xq) = { 8 , 9 }. Additionally, we may assume that = { 4 , 5 } = 

^V’(2/4,3:4) and T^{y^,x^) = { 6 , 7 }. If 1 G A^(x3X4), we can color X3X4 with 1 and then 
color X32/3, X4X5, X5X6, X2X3, X1X2 in this order to obtain our good partial coloring of G. Thus, 
1 G T^(2/3,X3), and so \A^{x2X^)\ > 4 . 

Recall that |A^(x3X4)| > 3 , and thus, X3X4 has an available color not in { 8 , 9 }. As 
1 , 2 , 3 , 4 , 5 ^ A^^x^Xi), we may assume without loss of generality that it is 6. So, we color 
X3X4 with 6 and then color x^yzi X4X5, x^xq, X2X3 in this order. Call this good partial coloring 
of G, T. It remains only to color X1X2 to obtain a good partial coloring of G that we can 
extend to all of G. 

We must have A^[xiX2) = { 6 , r(x2X3), r(x3|/3)}, otherwise we can color X1X2. Recall 
that our auxiliary graph G' contained the edges |/i|/ 6 ,2/2I/4 so that T^{yi,xi) n T^(?/ 6 ,X 6 ) = 
Tp(2/2,a:2) nT(|/4,X4) = 0 . Since T^iy^.x^) = Tiy^^xo) = { 4 , 5 }, we have 4 , 5 G Ap(xiX2), 
and in particular, A^{xiX2) = { 4 , 5 , 6 } with {r(x2X3), r(x3|/3)} = { 4 , 5 }. 

Without loss of generality assume r^x^y^) = 4 . We may then extend -0 by coloring X3X4 
with 6, X3I/3 with 4 , X1X2 with 5 and then color X2X3, X4X5, X5X6 in this order to obtain our 
good partial coloring of G. 

In all cases, we obtain a partial good coloring of G from which we can extend to a good 
coloring of G as mentioned above. This proves the lemma. □ 


5 . Adjacent Faces 

By the lemmas in Section [ 3 l every face in G is a 5 ''“-face. In this section we show that if 
a face has length hve, then it can only be adjacent to 7 ’''-faces. 

Lemma 16 . No two 5 -faces in G share an edge. 

Proof. Suppose the contrary. By Lemma [HI the boundaries of the two faces form an 8- 
cycle, XqXi ... xy with X4X0 G E{G). By Lemmas [71 [91 E] and [HI each x, other than X4, Xq 
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Figure 5 . 1 . Forming G' from G 

has a third neighbor yi not on the 8-cycle that are distinct from each other, except possibly 
y2 = Ve- Additionally, the only possible adjacencies between the ?/ds are yiyj for i G [ 3 ] and 
je { 5 , 6 , 7 }. 

Let G' denote the graph obtained from G by removing xq, ... ,X7, adding two new vertices 
u, V and the edges m|/i, mj/2, uy^, vy^, vy^, vyj (see Figure ISTTl) . Observe that G' is a subcubic, 
planar multigraph, and so by the minimality of G, G' has a good coloring, which ignoring 
uyi,uy2,uys,vy5,vye,vy7 gives us a good partial coloring of G that can be extended by 
coloring Xjyj with the same color as uyj,j G [ 3 ] and Xiyi with the same color as vy^, for 
£ G { 5 , 6, 7 }. This new partial coloring of G is still a good partial coloring, and we will refer 
to it as (j). 

By the construction of G", we see that and (ff^x^y^) 7^ Without 

loss of generality, we may assume that (f){xiyi) = 1 and ^(xsi/s) = 2 . We will break the 
following into cases depending on (^(xsi/s), 

Case 1. (0(a:5?/5),0(x7?/7)) = ( 3 , 4 ). 

Observe that \A^{xiXi+\)\ > 2 for i G { 1 , 2 , 5 ,6}, \A^{xjXj+i)\ > 4 for j G { 0 , 3 , 4 , 7 } 
taken modulo 8 and A^^x^Xq) = { 5 , 6 , 7 , 8 , 9 }. By the construction of G', we can extend 
cf) to another good partial coloring of G by coloring xsX4,X4X5,XjXo,XoXi with 1 , 4 , 3 , 2 , 
respectively. We will call this good partial coloring a. Note that \Afj[xiXi^i)\ > 1 for 
i G { 1 , 2 , 5 , 6} and A^^x^Xq) = { 5 , 6, 7 , 8, 9 }. 

If \A^{xiX2)AA^{x 2X3)\, \ A^{x5XG)UAt^{xQX7)\ > 2 , we can color a;ia;2,a;2a;3, xgXq, xgX7,X4Xo 
in this order to obtain a good coloring of G. By symmetry, we have two subcases to consider. 

Subcase 1.1. \A„{xiX 2 ) U A„{x 2 X: 4 )\ = \A„{xgXg) U A„{xgX 7 )\ = 1. 
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Let Aij{xiX2) = Afj{x2Xz) = {a} and A^^x^xq) = A„{xqXi) = {( 3 }. Since a ^ {1,2, 3 , 4 }, 
we have 3 G To-(|/2,a;2) U Tiij^^x^). However, if 3 G U^{y2), then \Afj{xiX2)\ > 2 , a contra¬ 
diction. Thus, Uaivs) = ( 2 , 3 ,7} for some 7 ^ [ 4 ], since G is a counterexample. By a similar 
argument, we have 4 G U^iyi), and as A^i^xix^) = A„{x2X^), we have U^iyi) = {1,4,7}. 
Symmetrically, U^iy^) = { 2 , 3 , 5 } and U„{y'i) = { 1 , 4 , 5 }, where 5 ^ [ 4 ]. 

Now, as 4 G and \A„{xiX2)\ = 1 , we cannot have 4 G U„{y2). Thus, 4 G A^[x2X^). 

Similarly, 2 G A^i^x^x^). Thus, we can extend 0 by coloring X1X2 with a, X2X2, with 4 , a;3a;4 
with 1 , x^xq with ( 3 , xqXj with 2 , xjXq with 3 and color x^x^^x^xi^x^xq in this order. This 
gives us a good partial coloring of G and completes this subcase. 

Subcase 1 . 2 . \A^(xiX 2 ) U A^{x 2 X 3 )\ > 2 and \A^(x 5 Xe) U A^{xqX 7 )\ = 1. 

Suppose Afj^x^xo) = Afj{xQXj) = {( 3 }. Now 2 ^ U^{ye) UUfp^yj), as otherwise \ Afj{xQXY)\ > 

2 , a contradiction. Thus, 2 G A^^xqX-j), and by symmetry, 1 G A^[x^Xq). Now, we can alter 
a to another good partial coloring by uncoloring XqXi and then coloring x^Xq with (3 and x^x^ 
with 2. Call this new partial coloring Note that \A^[xqXi)\ > 2 and \A^[xiXi+i)\ > 1 
for i G { 1 , 2 }. Since the only change affecting the edges available on X1X21X2X2, was the 
uncoloring of xqXi, we still have \A^[xiX2) U H^(a;2a;3)| > 2 . 

If \A^{xf)Xi) U H^(a;ia;2) U H^(a;2a;3)| > 3 , then we can obtain a good coloring of G by 
SDR. So we have \A^[xf)Xi)\ = 2 and H^(a;ia;2) U A^{x2X^) = A^{xoXi). In particular, 
A^{xiX2) C H^(a;oa;i). 

Since \ A,^[xoXi) \ = 2 and xqXi sees x^y^ colored 4 , we cannot have 4 G W^(|/i) U {'^(a;2|/2)}- 
If 4 ^ T^[y2,X2)i then 4 G H^(a;ia;2) \ H^(a;oa;i), a contradiction to H,^(a;ia;2) C H^(a;oa;i). 
Thus, 4 G T^(|/2,a;2), and so \A^j;{x2X^)\ = 2 . Furthermore, we cannot have 4 in U^{y^) = 
Gaiys), as otherwise |H^(a;2a;3)| > 3 . Returning to 0 , this implies 4 G A^^x^x^). 

Recall that 1 G A^^x^Xq). By a symmetric argument, 3 G T^{y2,X2). Thus T^{y2,X2) = 
'^a{y2,X2) = { 3 , 4 }. Now, we can alter a by hrst uncoloring a;4a;5, then recoloring a;3a;4 with 
4 and coloring x^xq with 1 , xqX7 with [ 3 . By the above, this is another good partial coloring, 
call it r. 

Note that \AT-{xiX7,)\ > 1 , |HT-(a;ia;2)|, |HT-(a;2a;3)| > 2 and \At-{x^xo)\ > 4 . We can then 
color a;4a;5, a;2a;3, a;ia;2, a;4a;o in this order to obtain a good coloring of G. 

This completes the subcase and so proves the case. 

Case 2. (^(xsi/s), 0(a;7|/7)) = (1,3). 

First, notice that one can recolor Xiyi with a color other than 1 , call it a, and still maintain 
a good partial coloring of G. We will proceed in this case based on whether or not a is 2. 

Subcase 2 . 1 . a 7^ 2 . 

We can extend our good partial coloring of G by coloring X2Xs,X7Xo with 1, X4X5 with 3 
and xqXi with 2. Call this new coloring a. 

Note that \A^{xiX2)\, \Aa{xeX7)\ > 1 , \A^{x5Xq)\ > 2 , \Aa{xsX4)\ > 3 and \Aa{x4Xo)\ > 5 . 
Thus, we can color xqXt, x^Xq, X1X2, X3X4, X4X0 in this order to obtain a good coloring of G. 

Subcase 2.2. a = 2. 

We can extend our good partial coloring of G by coloring X2X3, X7XQ with 1 and a;4a;5 with 

3 . Call this new coloring a. 
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Note that \Acj{xiXiJ^i) \ > 2 for i G { 1 , 5 , 6}, \Aa{x^Xi)\, \A„{xqX\)\ > 3 and \Afj{xiXQ)\ > 6. 
If there exists some {3 G A^{xqXj) r[A^{xiX2), we can color xiX2,xqX7 with /3 and then color 
X5XQ, X3X4, xiXo, X4^xo in this order to obtain a good partial coloring of G. 

Asaresnlt, either |Ao-(a:ia:o)| > 4 or there exists some 7 G {A„{xiX2)AA„{xqXj))\A„{xiXq). 
In either case, we color xiX2,XqX'! in this order (in particnlar, nsing 7 on at least one edge 
in the latter case), then color x^x^^x^x^^XiXq^x^Xq in this order to obtain a good coloring 
of G. 

This completes the snbcase, and so proves the case. 

Case 3. {(t){x^y 5 ), (|){x^y^)) = (1,2). 

As in the previons case, we can recolor Xiyi with a color a 7^ 1 so that we still maintain 
a good partial coloring of G. We proceed in snbcases as above. 

Subcase 3.1. a = 2. 

We can extend onr good partial coloring of G by coloring X2X2,, x^Xq with 1. Call this new 
coloring a. 

Note that \A„{xiXij^i)\ > 2 for i G { 1 , 5 , 6 }, \A^{xjXj4.i)\ > 4 for j G { 0 , 3 , 4 } modnlo 8 
and \Afj[x4Xo)\ > 7 . Now, either \Afj[xiX2)\ > 4 or there exists (3 G Aa^x^x^) \ Afj[xiX2)- 
In either case, we color x^x^ hrst (in particular, with (3 in the latter case), then color 
x^xq, xqXj, X4X5, xqXi, X1X2, X4X0 to obtain our good coloring of G. 

Subcase 3.2. a ^ 2 . 

Just as with xiyi, we can recolor x^y^ with another color ( 3^2 and still maintain a good 
partial coloring of G. By the above subcase, we may assume that ( 3 ^ 1 , but it is possible 
that a = [ 3 . We can extend our good partial coloring of G by coloring 0:1X2, X4X5 with 2 and 
X2X3,xjXo with 1. Call this new coloring a. 

Note that |Ao-(x5X6)|, |Ao-(x6X7)| > 2 , |Ao-(x3X4)|, |Ao-(xoXi)| > 3 and |Ao-(x4Xo)| > 5 . We 
can then color X5X6,XgXy,X qXi,X 3X4,X4X0 in this order to obtain a good partial coloring of 
G. 

This completes the subcase and so proves the case. 

Case 4. (0(x5?/5), ^(xzt/t)) = (2,1). 

Again, we recolor xiyi with a 7^ 1 . 

Subcase 4.1. a = 2 . 

This subcase is symmetric to Subcase 13.11 
Subcase 4.2. a ^ 2 . 

We can extend our good partial coloring of G by coloring X1X2, X4X5 with 1 and X7X0 with 
2. Call this new coloring a. 

Note that |A^(x2X3)| > 1 , |A^(x5X6)|, |A^(x6X7)| > 2 , |A^(xoXi)| > 3 , \A„{xzX4)\ > 4 and 
|Ao-(x4Xo)| > 6. We can color X2X3, X5X6, x^xj, xqXi, X3X4, X4X0 in this order to obtain a good 
partial coloring of G. This completes the subcase and so completes the case. 

Case 5. {(t){x^y^), (t){x^y^)) = (3,1). 
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Observe that \A^{xiXiJ^i)\ > 2 for i G { 1 , 2 , 5 ,6}, \A^{xjXjj^i)\ > 4 for j G { 3 , 4 }, 
\A^{xiXiJ^i)\ > 5 for £ G { 0 , 7 } modulo 8 and A^^x^xq) = { 4 , 5 , 6, 7 , 8, 9 }. We can extend 0 
by coloring X3,X4^,x^XQ,xoXl with 1 , 3,2 respectively. We can further extend this new coloring 
by coloring XiX2, X2X3 in this order as \ A^{xiX2) \ { 1 , 2 , 3 }| > 1 and \ A^{x2X^) \ { 1 , 2 , 3 }| > 2 . 
This is another good partial coloring of G, and we will refer to it as a in this case. Let 
a := a{x2X^), and since 0:10:2 sees 1 , 2 , 3 , we may assume that a{xiX2) = 4 

Note that \A„{xqX'j)\ > 1 , |ylo-(o:5o:6)|, |^o-(0:40:5)1 > 2 and \A„{x4^Xq)\ > 5 . We have 
A(^(xqX7) C A„{x5Xq) = 740.(0:40:5) and 1740.(0:40:5)1 = 2, otherwise we obtain a good coloring 
of G by SDR. So let A^tIx^xq) = A„{xiX^) = {/5i,/32}- Note that 1 , 2 , 3 , a ^ {/5i,/92}- 

Since \Afj[xiX^)\ = 2 and 0:40:5 sees 2 and a, we cannot have 2 , a G Uaiy^) U {ct^xqUo)}. 
As X5X6 must also see 2 and a, we have To.(|/6,o:6) = { 2 , a}. Thus, \Afj[x^X'!)\ > 2, and in 
particular, A„{xQX^) = {(^i^ (^2} as A„[xQX^) C ^^.(0:40:5). 

Now, we can return to (j) and obtain a different partial coloring of G by coloring 0:40:5 with 
1 , 0:50:6 with / 5 i, 0:00:7 with /32, x-jXq with 3 and 0:00:1 with 2 . This partial coloring is also 
good, and we will denote it by 'ipi. 

Note that (0:10:2)1 > 1 and \A^^[x2X^)\, (0:3X4)! > 2. As above, we have A.,^j(xiX2) 

C A^^{x2Xz) = Api(x3X4) and |Ap^(x2X3)| = 2 , otherwise we obtain a good coloring of G by 
SDR. As X3X4 sees 3 ,/ 9 i and |Api(x3X4)| = 2 , we cannot have 3 ,/ 9 i G U^^iiiz) U {'0i(x2|/2)}- 
However, as A^^(x2X3) = A^^(x3X4), we have T^^(|/2,X2) = { 3 ,/ 3 i}. Note that 'T^{y2,X2) = 
{ 3 , ( 3 i\ as a result. 

Now, if we switch f 3 i, (32 so that X5X6 is colored with (32 and XqX^ is colored with ( 3 i, 
we still have a good partial coloring of G, call it ^2- The same argument however, shows 
that T^2{y2,X2) = {3,/92}, so that T^{y2,X2) = {3,/d2} and ( 3 i = (32, a contradiction. This 
completes the proof of the case. 

As we have exhausted all cases, the lemma holds. □ 


Lemma 17 . No 5 -face in G can share an edge with a 6-face. 

Proof. Suppose that a 5 -face and a 6-face share an edge. By Lemmas [ 7 ] and [TT], their 
boundaries form a 9 -cycle, .. .Ug so that u^Uq G E{G) . By Lemmas ITT] and ITTl each Ui 
is a 3 -vertex. Additionally, Lemmas (TJ E] and IH] imply that each Ui other than M5 ,Mo has a 
third neighbor Vi not on the 9 -cycle. By these same lemmas, the vertices Vi,V2,V3,V4,Uq,Us 
are distinct from each other, as are the vertices Ui,Ui,VQ,V7,Vs. 

By LemmaslHl El andUHl the edges V2V3, V4VQ, VgVi do not exist. So let G' denote the graph 
obtained from G by deleting ui,U2,... ,uo and adding the edges V2V3,V4Vq,vsVi (see Figure 
15 . 2 p . Observe that G' is a subcubic, planar multigraph, and so by the minimality of G, G' 
has a good coloring. Ignoring V2Vz,V4Vq,vsVi^ we have a good partial coloring of G that we 
can extend by coloring uiVi,u^v% with the same color that usUi received in G' and 1x4X4, uqVq 
with the same color that X4X6 received in G'. We can further extend this good partial coloring 
of G by coloring U2V2,u^V2, and M7X7. Call this extended, good partial coloring, 0 , and let a 
denote (f^UjVj). 

Case 1 . 0 (-uiXi) 7^ 0 (m4X4). 

Without loss of generality, we may assume that 0 (miXi) = cf^UsVs) = 2 and 0(n4X4) = 

(piueve) = 1 . 
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Figure 5 . 2 . Forming G' from G 


Subcase 1 . 1 . 1 G T^{vi,Ui) and 2 G T^{v 4 ,u^). 

By the existence of v^VQjVgVi in our auxiliary graph G', we cannot have 2 G U^{vq) or 

1 G lAfj,{y%). So, we can extend 0 to another good partial coloring of G by coloring u^uq with 

2 and u^Uq with 1. Call this new coloring a. 

Observe \A^{u2U^)\ > 1 , \A^{uiUi+i)\ > 2 for z G { 1 , 3 ,6, 7 }, \A^{uaU^)\,\A^{uqUi)\ > 5 
and \Aa{u^uo)\ > 7 . Thus, if we can somehow extend cr to a good partial coloring on 
M1U2, R2R3, R3R4, we can further extend this to a good coloring of G by coloring uqU7,U7Us, 
M4U5, uqUi, U5U0 in this order. Thus, it suffices to color M1U2, R2R3,'U3R4- 

If we cannot, then we have Aa{uiU2) = A(j{u3U4) and \A^{uiU2)\ = 2. As 1,2 ^ A^{uiU2), 
we may assume that A^{uiU2) = Aaiu^u^) = { 8 , 9 }. Additionally, we may assume that 
G-aiy^) = { 1 , 2 , 3 }, Ao-(u3) = { 4 , 5 , 6 } with a^u^Vs) = 4 and a{u2V2) = 7 . Since Ao-(uiM2) = 
A^^u^Ui), we have 5 or 6 in To-(u 2,M2)- However, V2V3 is an edge in our auxiliary graph G' 
so that To-(u 2,R2) n To-(u 3,M3) = 0, a contradiction. 

Subcase 1 . 2 . 1 G T0 (ui,mi), but 2 ^ T(u4,-U4). 

Recall that 0 colors both U2V2 and M3U3. In this case, we may choose ^(msUs) so that 
4>{u2,v^) 7^ 2 . As a result, 2 G A^{u4U^). As in Subcase ll.ll we can extend 0 by coloring 
u^Uq with 1. Call this new, good partial coloring a. We proceed to prove this subcase by 
considering whether or not 2 is in T 

Subcase 1 . 2 . 1 . 2 ^ 

As a result, 2 G A„{u2,U4), and we can extend a by coloring M3M4 with 2 , and then M2R3, R1W2 
in this order. Call this good partial coloring ijj. Observe that \A^{uqU7)\, \A^{u7Us)\ > 2, 
\A^{u 4U5)\, \A^{uoUi)\ > 3 , \A^{u5Ue)\ > 4 and |A^(m5Mo)| > 6. If |A^(u4U5)UA^(m7M8)| > 5 , 
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then we obtain a good coloring of G by SDR. Otherwise, there exists some /3 with which 
we can color U4U5,U7Us and then color uqUj, uqUi, u^uq, u^uq in this order to obtain a good 
coloring of G. 

Subcase 1.2.2. 2 G T^{v3,U3). 

Recall that 2 G Additionally, we can recolor uiVi with some ( 3^2 and still 

maintain a good partial coloring of G. Thus, we adjust a by recoloring uiVi with ( 3 , coloring 
MiM 2,M4M5 with 2 and then coloring M2M3,M3M4 in this order. Call this good partial coloring 

i). 

Observe that \A^{uqU7)\, \A^{u7Us)\ > 2, \A^{u^U(i)\, \A^{uoUi)\ > 3 and |A^(m5Mo)| > 5. 
We then color MeWy, wyMs, MsWe, moWi, msMq in this order to obtain a good coloring of G. 

This completes the subcase, and by symmetry, it remains to consider the following subcase. 

Subcase 1.3. 1, 2 ^ T0(r;i, mi) U T0(r;4, M4). 

Just as in Subcase 01 we may assume that (l){u^V2,) 7^ 2, and as a result, 2 G A<^(m 4M5). 
We proceed to prove this hnal subcase based on the color of (j){u2V2). 

Subcase 1.3.1. (j){u2V2) 7^ 1. 

As a result, 1 G A^^uqUi). Additionally, there exists some color in A^{u2Uz)- Thus, we 
can extend 0 to another good partial coloring of G by coloring uiUq with 1, M4M5 with 2 and 
then coloring M2M3 with some available color. We can further extend (j) by coloring uqUy and 
MyMs with some (3 and 7, respectively. Call this good partial coloring a. 

Now, we can choose (3 and 7 such that either {a, ( 3 } 7^ To-(ni,Mi) or {0,7} 7^ To-(n4,M4). 
We show the former as the latter is done by a similar argument. Since \ A^{uqU7)\, \A^{u7U^)\ 
> 2, if a ^ T0(ni,Mi), then we are done, and if a G then we can choose (3 from 

A^{uqU7) \ T<^(ni,Mi). 

Now, if T0(ni, wi)nT<j(,(n4, u^) = 0, then we can choose (3 and 7 such that both T^{vi,Ui) 7^ 
{a,/9} and T<^(n4,M4) 7^ {a, 7}. Indeed, if a ^ T<^(r;i,Mi) UT<^(n4,M4), then we are done. So 
either a G T0(r;i, ui) \ U4) or a G T^{v4, U4) \ ui). If the former holds, then we 

proceed as above since we are guaranteed that {a, 7} 7^ T^{v4,U4), and a similar argument 
holds in the latter case. 

In Subcase 11.3.11 we will assume that /5,7 are chosen so that {a, 7} 7^ T^{v4,U4). Ad¬ 
ditionally, as a{u2V2),<j{u2U3),a{u3V3) ^ {1,2} and are distinct from each other, we may 
assume that a{u^v^) = 3, a{u2V2) = 4 and a{u2U^) = 5. 

Since A„{uiU2) and A„{u^U4) are possibly empty, we proceed by considering whether they 
are empty or not. 

Subcase 1.3.1.1. A^{uiU2) = A„{u-4U4) = 0. 

As uiU2,U3U4 each see all nine colors and V2V3 was an edge of G', we may assume that 
To-(ni,Mi) = TcrivsjUs) = {6,7} and Ttj{v2,U2) = T{v4,U4) = {8,9}. Therefore, we can 
adjust a by uncoloring uqUi, M4M5 and then coloring U1U2 and U3U4 with 1 and 2, respectively. 
Call this good partial coloring ijj. Since To-(ni, Mi) fl To-(n4, U4) = 0, we can assume that f 3 ,7 
were chosen so that {a, / 3 } 7^ {6, 7} and {a, 7} 7^ {8, 9}. 

Note that > 2 for i G {0,4, 5,8} modulo 9 and IA^^u^uq)] > 5. In particular, 

A^{u4U5) C {4,6,7} and A^^uqUi) C {3,8,9} so that \A^{u4U5) A A^{uqUi)\ > 4. 
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Now, suppose A^ipiuiU^) = A^{u^uq) and \ A^{u4U^) \ = 2. As M4M5 sees edges colored 8 and 
9 , and T^(n4,M4) n T^(n6,n6) = 0 , we have 8, 9 G {a,/3,7}. However, as |A^(n4M5)| = 2 , 
{3 ^ { 8 , 9 } so that { 8 , 9 } = T^(n4,n4) = {0,7}, a contradiction. Thus, we have |A^(m4M5) U 
A^{u5Uq)\ > 3 , and by a symmetric argument, \A^{uoUi) U A^(n8Mo)| > 3 . Thus, we obtain 
a good coloring of G by SDR. 

Subcase 1.3.1.2. There exists 6 G Ao-(miM 2 ) and A^iu^Ui) = 0. 

As M3M4 sees all nine colors, we may assume that To-(n3,M3) = { 6 , 7 } and To-(n4,M4) = 
{8, 9 }. We can adjust a by uncoloring and then coloring with 2 and U1U2 with 5 . 
Call this good partial coloring 

Observe that |A^(m8Mo)| > 1 , |A^(m4M5)|, |A^(m5M6)| > 2 and |A^(m5Mo)| > 4 . If \A^{uiU5) 
UA^(m5M6)| > 3 , then we obtain a good coloring of G by SDR. So we have A^iu^u^) = 
A^{u^Uq) and |A^(m4M5)| = 2 . However, a similar argument to that used in Subcase 11 . 3 . 1.11 
implies that {0,7} = T,^(n4,M4), a contradiction. 

Subcase 1.3.1.3. There exists e G A^jiu^u^) and Acj{uiU 2 ) = 0 . 

Note that the choice of (3 and 7 does not affect A„{uiU2) or A^iu^u^). Thus, we can 
rechoose (3 and 7, if necessary, so that {a,/ 9 } 7^ T<^(ni,Mi). We then repeat a symmetric 
argument to the above. 

Subcase 1.3.1.4. There exist S G Ao-(miM 2 ) and e G A^iu^Ui). 

Suppose hrst that 2 ^ T„{v^,U3). We can adjust a by uncoloring U4U5 and then coloring 
M3M4 with 2 and U1U2 with 5 . From here, the argument is identical to that in Subcase [ 1 . 3 . 1.21 
Thus, 2 G To-(n3,M3). By symmetry, we also have 1 G To.(n2,M2)- 

We can adjust a by uncoloring M2M3 and then coloring u^Ui,uiU2,U2U^ in this order. 
As each of these edges sees 1, 2, 3 and 4 , we may assume that they are colored 5 , 6, 7 , 
respectively. Call this good partial coloring Observe that \A^{u^uq)\, \ A^{u%uq)\ > 1 and 
\A^{u5Uq)\ > 3 . 

If \A^{u^uq) U A^{u^uq)\ > 2 , then we obtain a good coloring of G by SDR. So we have 
A^^u^Uq) = A^{u^uq) = { C }- Since u^Uq sees an edge colored 5 , we cannot have 5 G {a, / 9 ,7}. 
Since A^{u^uq) = A^iu^u^), UgUo also sees 5 , and so, 5 G T^{vs,Us). Since ^ 8^1 is an edge of 
G', we cannot have 5 G T^(ni,ni). Similarly, as |A^(m8Mo)| = 1 and UgUo sees 1 , we cannot 
have 1 G T^(n8,M8)- 

Thus, if we recolor uqUi with 5 , color ugUo with 1 , we can than color and u^uq in this 
order to obtain a good coloring of G. 

This completes the proof of Subcase 11 . 3.11 

Subcase 1.3.2. (f){u 2 V 2 ) = 1. 

We can extend 0 to a good partial coloring of G, call it a, such that M4M5 is colored with 
2, and and U’^Ug are colored with (3 and 7, respectively. Just as in Subcase [ 1 . 3.11 we can 
choose /J,7 so that {«,/?} 7^ To-(ni,Mi), and additionally require that {0,7} 7^ 
when To-(ni,Mi) fl To-(n4,M4) = 0 . Also, as a{ugVz) 7^ 2, we may assume that a{ugVz) = 3 . 

Note that here, a does not color U2Ug. Thus, we proceed based on whether or not we can 
extend a to M1M2, W3W4- 

Subcase 1.3.2.1. We cannot extend a by coloring Min2, ^2%, ^3^4. 
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As \Afj{uiUiJ^\)\ > 2 for i G [ 3 ], we may assume that Aa{uiU2) = Acj{u2Uz) = A^iu^Ui) = 
{ 4 , 5 }. So without loss of generality, To-(u2,M2) = To-(u4,M4) = { 8 , 9 } and To-(ui,mi) = 
To-(u3,M3) = { 6 , 7 }. Recall that just as in Subcase [ 1 . 3.11 To-(ui, ui) n To-(u4, M4) = 0 , we may 
assume {a,/?} 7^ { 6 , 7 } and {a,7} 7^ { 8 , 9 }. 

Now, we can adjust cr by uncoloring M4M5, coloring M3M4 with 2 , and then coloring U1U2, M2W3 
from { 4 , 5 } so that U1U2 is not colored with ( 3 . We call this good partial coloring of G, V’, 
and we may assume that 'ip{uiU2) = 4,'^(m2M3) = 5 . 

Observe that > 2 for i e { 0 , 4 , 5 ,8} modulo 9 and |A.i/,(M5Mo)| > 4 . In 

particular, C { 4 , 6 , 7 }, ^ { 3 , 8 , 9 } and |A^(m4-U5) U A.tjj{uoUi)\ > 4 . Now, 

as /5 7^ 4 , we have 4 G A^l^u^u^), and additionally, 4 ^ A^{usUo) U A^(moWi). 

Also, \A^{usUo)UA^{ uqUi)\ > 3 , otherwise we can apply an argument similar to that used 
in Subcase 11 . 3 . 1.11 to show that {a, ( 3 } = T^(ni,Mi), a contradiction. Thus, we can color 
with 4 , and then obtain a good coloring of G by SDR from the rest. 

Subcase 1.3.2.2. We can extend a by coloring uiU2.,U2UsiU^u^. 

Without loss of generality, we may assume that UiU2,U2U3,U3Ui are colored with 4 , 5 , 6 , 
respectively, and call this good partial coloring Observe that \A^{u5Uq)\ > 1 , \A^{usUo)\, 
|A^(no'*^i)| ^ 2 and |A^(m5Mo)| ^ 3 . Additionally, \A^{u^uq) U A^{uqUi)\ > 3 , otherwise 
we can apply an argument similar to that used in Subcase 11 . 3 . 1.11 to show that {a,/ 9 } = 
T^(ni,Mi) (observe that \A^{uqUi)\ = 2 implies that |T.0(ni,Mi) U { 1 , 2 , 4 , 5 ,7}! = 7 ). 

First, / 3 ,7 ^ { 4 , 6}, otherwise \ A^{u^uo)\ > 4 , and we obtain a good coloring of G by SDR. 

Additionally, 1 G T^(n8, Ms), otherwise we can color u^uq with 1 and then color uqUi, 
U5U0 in this order to obtain a good coloring of G. 

We claim 6 G T^(ni,Mi). If on the contrary, 6 ^ T^(ni,Mi), then as 7 7^ 6, we could 
color UqUi with 6. Then we have A^{u^Uq) = { 5 } and A^{usUo) = { 6 , 5 }, otherwise we 
could color Mstig, MgMo, M5M0 in this order to obtain a good coloring of G. However, since 
\A^{usUo) U A.^(moMi)| > 3 (so that A^{uoUi) 7^ {6, 5 }), we can color u^uq with S, ugUo with 
6 and then color uqUi^u^uq in this order to obtain a good coloring of G. 

We may also assume that a = 6. Observe that 6 ^ {/d,7}, and as vgVi is an edge of G', 

6 ^ T^(n8,M8). Thus, if a 7^ 6, we can color usUo with 6 and then color wsUg, moMi, M5M0 in 
this order to obtain a good coloring of G. 

Now, we also have 4 G T^{vq,Uq). If not, then since 4 ^ {/ 9 , 7 }, we can color with 
4 and then color MoMi, UsUq, u^Uq in this order to obtain a good coloring of G. As ^4^6 is an 
edge of G', we have 4 ^ T^(n4,M4). 

Lastly, we claim that 2 G T^{vq,Uq). If not, then we can recolor M4M5 with 4 , color u^Uq 
with 2 and then color usUq, uqUi, u^uq in this order to obtain a good coloring of G. 

Now, we uncolor the edges uqUj, u^ug, and call this new coloring r. Observe that \ Ar{uiUi-^-i) \ 
> 3 for i G { 0 , 6 , 7 } modulo 9 , |At-(m 8 Mo)| > 4 and lAriu^ue)], |At-(m5Mo)| > 5 . If \Ar{ueU7) U 
At-(moMi)| > 6 , then we obtain a good coloring of G by SDR. Thus, there exists some e 
such that we can color uqU^^UqUi with e and then color M7M8, MsMq, MsMq, M5M0 in this order 
to obtain a good coloring of G. 

This completes all subcases of Case [H 

Case 2. (j){uiV\) = (l){u 4 Vi). 

Without loss of generality, we may assume that (^{uiVi) = 1 for i G { 1 , 4 , 6, 8}, (f>{u2V2) = 2 
and (j){u3V3) = 3 . 
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Subcase 2.1. We can extend (j) by coloring uiU2,U2U3,u^u4. 

Let us extend 0 by coloring M1M2,'U2M3, n3n4, and then uncolor u^vr. Call this new good 
partial coloring a. Without loss of generality, we may assume that a{uiU2) = 4 , a{u2U^) = 

5 , a{uzUi) = 6. 

Subcase 2.1.1. Either Q 0 To-(ni,Mi) or A ^ T^{vi,U4). 

By symmetry, we may assume that 4 0 To-(n4,M4). As a result, we can extend a 
by coloring U4U5 with 4 . Call this good partial coloring 0 . Note that > 2, 

\A^{uqU 7)\, \A^{uoUi)\ > 3 , \A^{u5Ue)\, lA^^UjUs)] > 4 , |A^(moMi)| > 5 and |A^(M5no)| > 6. 

First, we show that \A^{u7V7) U A^{uoUi)\ > 5 . If not, then we can color uyVj,uoUi with 
some {3 and then color uqU7,U5Uq,U7Us,U8Uo,U5Uo in this order to obtain a good coloring 
of G. In a similar manner, we show that lA^lu^uy) U A^{uoUi)\ > 6 by otherwise coloring 
uqUj, uqUi with some 7, and then coloring ujVj, ujUg, u^uq, ugUo, u^uq in this order to obtain 
our good coloring of G. 

Now, if lA^^ujVj) U Ap(M5Mo)| > 7 , then we can obtain a good coloring of G by SDR. 
Otherwise, we can color U7V7, u^uq with some 6, and then obtain a good coloring of G by 
SDR from the remaining edges using the above. 

Subcase 2.1.2. 6 G To-(Mini) and A G T^^u^v^). 

We hrst note that there exists (3 G Afj{u7V7) \ { 4 } and that 4 G A^^u^uq). Thus, we 
can obtain another good partial coloring of G by coloring u^uq with 4 and U7V7 with (3. 
Call this new coloring 0 . Observe \A^{uqU7)\,\A^{u7Us)\ > 2, \A^{u^U5)\,\A^{uoUi)\ > 3 , 
\A^{u8Uo)\ > 4 and \A^{u5Uo)\ > 6. 

First, if \A^{uqU7) U A^{uoUi)\ > 5 , then we obtain a good coloring of G by SDR. Thus, 
there exists some 7 G A^{uqU7) 0 A^{uqUi) so that we can color uqU7,UoUi with 7 and then 
color U7US, usUo, UiU5, U5U0 in this order to obtain a good coloring of G. 

Subcase 2.2. We cannot extend cj) by coloring M1M2, W2M3, M3M4. 

As \A^{uiUi^i)\ > 2 for z G { 1 , 2 , 3 }, we may assume that A^{uiUi^i) = { 8 , 9 } for i G 
{ 1 , 2 , 3 }. Thus, without loss of generality, T^{y2,U2) = T<^(r;4,M4) = { 4 , 5 } and T<^(ni,Mi) = 
= {6, 7 }. We can recolor with some 0 7^ 1 and still maintain a good partial 
coloring of G. 

Thus, we can obtain another good partial coloring of G by hrst recoloring with 0 , 
color with 1 and then color U2U3,uiU2 in this order. As in Subcase [ 2.11 we also uncolor 
U7V7, and call this new coloring a. Note that {ct(miM2), <7(^2%)} = { 8 , 9 }, and so without 
loss of generaltiy, a{uiU2) = 8 , a{u2U8) = 9 . 

Subcase 2.2.1. /3 7^ 8. 

As 8 G A^iu^u^), we cannot have 8 G Thus, we can extend a by coloring U4y7, 

with 8 and then proceed in the same way as in Subcase 12 . 1.11 replacing 8 with 4 . 

Subcase 2.2.2. 0 = 8 . 

By the existence of UgUi in our auxiliary graph G, 6 G To-(ni, Ui) implies that 6 0 To-(ni, Ui) 
so that 6 G A^iu^Uo). Note that there exists some 7 G A„{u7V7) \ {6}. 

We can then extend a to another good coloring of G by coloring U7V7 with 7 and u^Uq with 

6 . Call this 0 . Observe that A^{u4U^) = { 2 , 7 }, A^(moMi) = { 3 , 4 , 5 }, |A^(m6M7)|, |A^(m7M8)| 
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> 2, \A,^{u^uq)\ > 3 and \A^{u^uq)\ > 6. As A^iu^u^) fl A^(moWi) = 0 , coloring does 
not affect coloring mo^i. 

Now, if |A^(m4M5) U A^(m7M8)| > 4 , we can color u^u^, u^uq, uqUj, ujUg by SDR and then 
color uqUi^u^Uq in this order to obtain a good coloring of G. Thus, there exists some 5 
so that we can color UiU^yU’jUg with 6 and then color uqUi,u^Uq,UqUi,u^Uq in this order to 
obtain a good coloring of G. 

This completes the proof of the hnal subcase of Case [H and so proves the lemma. □ 


6 . Proof of Theorem [T] 

We are now ready to prove Theorem [ 1 ] via discharging using the lemmas from Sections [ 3 l 
[Hand [ 5 ], 

Proof. By Euler’s formula, 

5] (2d[v) - 6) + (d(S) - 6) = -12. 

iieV(G) /eF(G) 

Thus, if we assign to each vertex v the initial charge 2 d{v) — 6 and to each face / the 
initial charge d{f) —6, then the total charge will be — 12 . We design appropriate discharging 
rules and redistribute charges among faces and vertices so that the hnal charge of every face 
and every vertex is nonnegative, a contradiction. 

Discharging Rules: 

(Rl) Every 2 -vertex receives 1 from each incident face. 

(R 2 ) Every 5 -face receives | from each adjacent face. 

By Rule (Rl), at the end of discharging, each 2-vertex will have charge —2 -|- 1 -|- 1 = 0 . 
The charge of each 3 -vertex does not change and remains 0 . 

By Rule (R 2 ) and Lemmas fTTl and fT6l the hnal charge of every 5 -face is 5 — 6 -|- 5 xi = 0 . 
By Lemmas [TT] and [T^ each 6-face gives no charge. Thus, as it starts with zero charge 
and does not receives any charge, the hnal charge is zero. 

By Lemmas [I 5 ] and [161 each 7 -face contains only 3 -vertices and is adjacent to at most 
three 5 -faces. Thus, the hnal charge is at least 7 — 6 — 3 x| = |. 

By Lemmas Uni and [131 each fc-face, A: > 8, is adjacent to at most [|J 5 -faces and contains at 
most [|J 2-vertices on its boundary. Thus, the hnal charge is at least k — 6 — [|J x 1— [|J x |, 
which is positive for k > 8 . 

This completes the proof. □ 


Conclusion. There are many unresolved questions regarding the strong chromatic index of 
graphs. We present a few that pertain specihcally to subcubic planar graphs. As mentioned, 
TheoremUlis shown to be best possible by the complement of Gq. To the authors’ knowledge, 
this is the only such example. Perhaps the result can be improved for graphs outside of a 
potentially hnite family. Additionally, a list-coloring result is unknown and does not extend 
naturally from the proofs given in this paper. Thus, a list-coloring result similar to that of 
Theorem [U would be of interest. 
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